The impulse response of a generalized fractional second order filter of the form 
Introduction
As the generalization of calculus, fractional calculus [1, 2, 3, 4] which deals with derivatives and integrals of arbitrary orders, has a long history of more than 300 years old, however, the theory of fractional calculus achieved great improvement mainly from the 19th century. Recently, applications of fractional calculus are becoming a hot topic. On one hand, using the notion c 2012 Diogenes Co., Sofia pp. 97-116 , DOI: 10.2478/s13540-012-0007-2 of fractional calculus equations may be a closer characterization to the real world than using non-fractional calculus ones, [5] . On the other hand, fractional calculus provides a powerful tool for the description of memory and hereditary effects in various substances and in modeling dynamical processes in fractal media [6] . For more knowledge of the applications of fractional calculus in modern science and engineering, please consult [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] .
In fractional-order signal processing, fractional order filtering is a fundamental problem because it can be applied in signal modeling, filter design and controller design [22, 23] . An important step toward the application of fractional order filter is its numerical discretization, and there are two main kinds of discretization methods: the indirect method and the direct method. An effective impulse response invariant discretization method was discussed in [24, 25, 26, 27, 28] . The analytical impulse response of a fractional second order filter with form s 2 + as + b −γ is derived in [29] , and its impulse response invariant discretization is obtained accordingly. Motivated by [29] , validated by a numerical inverse Laplace transform technique [30] , the impulse response of the generalized fractional second order filter
This paper is organized as follows. In Section 2, the basic mathematical tools about the Laplace transform, the Z transform and fractional calculus are recalled. In Section 3, the main results about impulse response of generalized fractional second order filter are derived. The numerical examples to illustrate the proposed concepts are shown in Section 4. The conclusions are included in Section 5.
Preliminaries
The Laplace transform of a function f (t), defined for t ≥ 0, is the function F (s), defined by:
The inverse Laplace transform is given by the following complex integral:
where σ is a real number so that the contour path of integration is in the region of convergence of F (s).
In what follows, some fundamental knowledge of fractional calculus is recalled.
The unified formula for fractional-order integral is defined as follows:
where α > 0, f (t) is an arbitrary integrable function. The Laplace transform for fractional-order integral operator [3] is given by:
Main results
In this section, the impulse responses of a generalized fractional second order filter s 2α + as α + b −γ for two different cases are discussed.
Case 1: α = 1
In this case, the poles of
and
, where * denotes the convolution on [0, t], then the following lemma can be obtained.
.
When γ = 1, the asymptotic value of g 1 (t) can be easily derived, which is given as follows. 
what is more, In this case, the pseudo-poles of G 2 (s) = 1 (s 2α +as α +b) , 2) with the generalized MittagLeffler function with three parameters [32] defined as:
is the Pochhammer symbol [33] .
When γ = 1, the asymptotic property of g 2 (t) can be easily derived, which is given in the following lemma. Similarly to the analysis in Case 1, we have the following theorem. 
Γ(αk+α) , and the properties of g 2 (t) are given in Lemma 3.2.
When 0 < γ < 1, denote f i (t) as f i0 (t), and we have If both of the poles lie on line l, we know that f i1 (t) has undamped oscillation, then based on (3.1) and (3.2), we know f i0 (t) has damped oscillation. From the above property of convolution, we know that g 2 (t) has damped oscillation.
If both of the poles lie on the right of line l in the complex plane, we have lim t→∞ f i1 (t) = ∞. Taking f i0 (t) and f i1 (t) for comparison, we have
when k is sufficiently large, which means lim When 1 < γ < 2, denote f i (t) as f i2 (t), and we have
If both of the poles lie on the left of line l in the complex plane, we have lim t→∞ f i1 (t) = 0, which means that
when k is sufficiently large, which means lim If both of the poles lie on line l in the complex plane, we know that f i1 (t) has undamped oscillation, then based on (3.3) and (3.4), we know f i2 (t) has diverging oscillation. From the definition of convolution, we know that g 2 (t) has diverging oscillation.
If both of the poles lie on the right of line l in the complex plane, we have lim t→∞ f i1 (t) = ∞, and then based on (3.3) and (3.4), for f i2 (t), we have It is difficult to plot the exact analytical solution of g 2 (t) from the inverse Laplace transform, so we utilize the numerical inverse Laplace transform [29, 30] technique to obtain g 2 (t) in numerical examples.
Numerical examples
In this section, numerical examples are shown to demonstrate the results. Fig. 10, Fig. 11 and Fig. 12, respectively. (ii) when a = −1, b = 1, both of the poles lie on the line l, and the impulse responses of G 2 (s) = 1 (s 2α +as α +b) γ for γ = 0.7, γ = 1, γ = 1.3 are demonstrated in Fig. 13, Fig. 14 and Fig. 15, respectively. (iii) when a = −2, b = 2, both of the poles lie on the right of line l, and the impulse responses of G 2 (s) = 1 (s 2α +as α +b) Fig. 16, Fig. 17 and Fig. 18 , respectively. 
Conclusions
In this paper, we first discussed the impulse responses of generalized fractional second order filter s 2α + as α + b −γ with 0 < α ≤ 1, 0 < γ < 2, and their asymptotic properties are also included. It was shown that the characteristics of the impulse response are related to the locations of the poles of the generalized fractional second order filter (s 2α + αs α + b) −γ , the different classes of impulse responses are demonstrated in numerical examples. 
